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Abstract 



We introduce and give normal forms for (one-dimensional) Riccati foliations (vector fields) 
on C X CP(2) and C x C . These are foliations are characterized by transversality with the 
generic fiber of the first projection and we prove they are conjugate in some invariant Zariski 
open subset to the suspension of a group of automorphisms of the fiber, C P(2) or C , this 
group called global holonomy. Our main result states that given a finitely generated subgroup 
G of Aut(CP(2)), there is a Riccati foliation on C x CP(2) for which the global holonomy is 
conjugate to G. 
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1 Introduction 

Foliations transverse to fibrations are among the simplest (constructive) examples of foliated man- 
ifolds, once regarded as suspensions of group of diffeomorphisms ([2], [4]). Thus one expects to 
perform a nice study of them in the global theoretic aspect. In the complex algebraic setting, 
foliations usually exhibit singularities so this possibility cannot be excluded. Very representative 
examples of either situations are given by the class of Riccati foliations ([7]) in dimension two. A 
very interesting study is performed in [11] and a complete reference on the two dimensional case 
is [10]. In this paper we study one-dimensional holomorphic foliations with singularities which are 
transverse to a given holomorphic fibration off some exceptional set in a sense that we shall make 
precise below. Let us first recall the classical notion. Let r/ = (S, vr, i?, F) be a fibre bundle with 
total space E, fiber F, basis B and projection ir: E ^ B. A foliation on E is transverse to rj 
if: (1) for each p ^ E, the leaf Lp of with p G Lp is transverse to the fiber TT~^{q), q = tt{p); (2) 
dim(J^) + dim(i^) = dim(ii^); and (3) for each leaf L of the restriction vrj^, : L ^ B is a covering 
map. According to Ehresman ([4]) if the fiber F is compact, then the conditions (1) and (2) already 
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imply (3). In the complex setting all the objects above are holomorphic by hypothesis and several 

are the interesting frameworks (see [14] for the complex hyperbolic case). Under the presence of 
singularities, a weaker notion must be introduced. Wc shall say that T is transverse to almost 
every fiber of the fibre bundle r] if there is an analytic subset A(jr) c E which is union of fibers of 
rj, such that the restriction .Fq of to = -^^ \ ■'^ is transverse to the natural subbundle rjo of rj 
having Eq as total space. If A(^) is minimal with this property then A(J-) is called the exceptional 
set of J^. By a Riccati foliation we mean a foliation as above, for which the exceptional set A(jr) 
is ^-invariant. In particular we shall consider the global holonomy of as the global holonomy of 
the restriction J^q on Eq = E \ A{!F). In the classical situation of Riccati foliations in C x C, the 
global holonomy is a finitely generated group of Mobius transformations, i.e., a finitely generated 
subgroup of PSL{2,C). Using the well-known classification of Mobius maps by the set of fixed 
points (see Beardon [1]), Lins Neto is able to prove ([7]) that given a finitely generated subgroup 
G < PSL{2, C) there is a Riccati foliation in C x C for which the global holonomy is conjugated to 
G. Similarly, in this work for the case of Riccati foliations on C x CP(2), the study of the global 
holonomy relies on the classification of holomorphic diffeomorphisms of C P{2) by the set of fixed 
points. This is the content of Theorem 4 which applies to the problem of construction of foliations 
on C X C P{2) with given global holonomy group: 

Theorem 1 (Synthesis theorem). Let xo, xi, . . . ,Xk & C be points. Let fi, . . . , fk £ Aut(C P{2)) 
be biholomorphisms. Then there is a Riccati foliation T on CxC P{2) such that the invariant 
fibers of T are {a;o} x CP(2), . . . , {x^} x CP(2) and the global holonomy of T is conjugate to the 
subgroup of Aut(C -P(2)) generated by fi, . . . , fk- 

As mentioned above, our basic motivation comes from the classical Riccati foliations in di- 
mension two, i.e., Riccati foliations on C x C, such foliations being given in affine coordinates by 
polynomial vector fields of the form X (x, y) = p (x) ^ + (x) y^ + b (x) y + c {x)^ In this 

Riccati case the fiber is a (compact) rational Riemman sphere and the exceptional set A C C x C is 
a finite union of vertical projective lines {x} x C and is invariant by the foliation. In this paper we 
shall mainly work with singular holomorphic foliations .7^ on C xM where M = or M = C P{2), 

which are transverse to almost every fiber of 77, with projection TV : C xM C, {x,y) 1 — > x. For 
the case M = C these foliations have a natural normal form like in the Riccati case as follows: 

Theorem 2. Let T be a singular holomorphic foliation on Cx C" given by a polynomial vector 
field X in affine coordinates {x, y) G Cx C" . Suppose T is transverse to aIm,ost every fiber of the 
bundle rj where tt : C x C ^ C, 'k{zi, Z2) = zi is the projection of rj. Then T is a Riccati foliation 
andX{x,y) = p{x)^ + {qi^2{x)yl + qi,i{x)yi+qi^Q{x))-^^+- ■ ■ + {qn,2{x)yl+qn,\{x)yn + qn,Q{x^^ 

For the case M = C P{2) the classification does not follow an already established model. Indeed, 
owing to Okamoto [9], given a, 6 G C the vector field X{x, y,z) = -^ + {z — y^)^ — {a + by + yz)-^ 
induces a foliation in C x CP(2) which is transverse to every fiber {x} x CP(2) except for x = 00. 
Our normal form, englobing this class of examples, is as follows: 

Theorem 3. Let T be a singular holomorphic foliation onCx CP(2) given by a polynomial vector 
field X in affine coordinates (x, y, z) on Cx C'^ . If T is transverse to almost every fiber of the fibre 
bundle rj where tt : CxCP(2) C, 7r{zi,Z2) = z\ is the projection of rj, then is a Riccati 
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foliation and X{x,y,z) = p{x)^ + Q{x,y, z)-^ + R{x,y, z)-^; in affine coordinates {x,y,z) G 
CxC^ -^CxCP(2) where 

Q{x, y, z) = A{x) + B{x)y + C{x)z + D{x)yz + E{x)y'^, 

R{x, y, z) = a{x) + b{x)y + c{x)z + E{x)yz + D{x)y'^, 
and p, a, b, c, A, B, C,D,E G C[x]. 

Acknowledgement: We are grateful to R. S. Mol, Julio Canille and L. G. Mendes for reading the 
original manuscript and various valuable suggestions. 

2 Classification of automorphisms of C P{2) 

The group of automorphisms of C P{n) is induced by the general linear group, that is, Aut(C P{n)) = 
PGL(rz + l,C) ([5]), it identifies an isomorphism T: C""*"^ — > C""*"^ with the biholomorphism of the 
complex projective space [T] defined by: if r C C"^^ is a complex line contains G C"^^, then 
s = T{r) is a complex line contains G C""*"^ and we consider [T] : CP{n) —>■ CP{n) given by 
[T](rx{0}) = s\{0}. 

Aiming the study of Riccati foliations on C x C P{2) through the global holonomy we perform 
the classification of holomorphic diffeomorphisms of CP(2) by the set of fixed points. This the 
content of the following result: 

Theorem 4. /// : CP(2) CP{2) is a biholomorphism and denotes its set of fixed points 
then we have the following six possibilities: 

1. has pure dimension zero and is a set of one, two or three points. 

2. has pure dimension one and consists of two projective lines. 

3. consists of one point and two projective lines. 

4. has dimension two and = CP(2). 

In particular, f is conjugate in Aut(CP(2)) to a map g G Aut(CP(2)) of the form g(x : y : 
z) = {\qx + y : Xoy + z : Xqz), g{x : y : z) = {Xqx + y : Xoy : Xiz), g{x : y : z) = {Xqx : Xiy : 
X2z), g{x -.y : z) = [Xqx : Xoy : Xiz), g{x : y : z) = {Xqx + y : Xoy : Xoz), g{x : y : z) = {x : y : z), 
where Aq, Ai, A2 G C \ {0}, respectively. 

Proof of Theorem 4. If / G Aut(CP(2)), then there is ^ = (0^^)3x3 G GL(3,C) such that / = [A], 
that is, f{x : y : z) = (onx + ai2y + ai^z : a2ix + 022^/ + 023-^ : a2,ix + 0322/ + 0332). We use the 
Jordan canonical forms and obtain the classification of automorphisms of C P(2) by fixed points. 
In fact, there are three possibilities for the characteristic polynomial of A, PA{t), in C[t]: 

(i) pA{t) = {t - Xo){t - Xi){t - X2y, 

(ii) pA{t) = (t- Ao)2(t-Ai); 
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(iii) PAit) = {t- Ao)^ 

where Ao,Ai,A2GC\{0} are different. 

Case (i). The minimal polynomial of A, mA(t), in C[t] is rriAit) 
P e GL(3,C) such that A = P'^JP where 



PA{t). Then there is 



J 



Ao 






Ai 







A2 



is the Jordan canonical form of A. Therefore / is conjugate to [J] because f = [A\ = {P~^\\J\{P\- 
We consider g = [J], that is, g : CP{2) CP{2) defined by g{x : y : z) = {\qx : Xiy : X2Z) with 
Ao,Ai, A2 G C \ {0}. We shall determinate the fixed points of g. First, we recall that CP(2) is a 
complex manifold defined by the atlas {{Ej,Vj)}je{o,i,2} where 



Ej = {{zo : zi : z^) G CP(2); Zj + 0}, 



and ipj : Ej is defined by ipo{zo : Zi : Z2) = (^Ij^fjj ,(pi ■ Ei ^ C, ipi{zo : Zi : zi) = 

(IT' §7) ) "/^s : -E2 ^ C^, <^2izQ : zi : Z2) = (^^, fj^ • Observe that / is conjugate to 5 so / has the 
same numbers of fixed points that g. Now we obtain the points fixed by g. First, we consider the 
points {x : y : 1) e CP(2). In this case we have g{x : y : 1) = {Xqx : Xiy : A2) and the application 

G : — defined by G{x,y) = (^^x, ■ We obtain the following commutative diagram: 



E2 



■ E2 



^2 



ip2 



Therefore the fixed points of 5 G Aut(CP(2)) of the form {x : y : 1) are given by the solutions 
of the following system 



A2 



X 

y 



and the point (0, 0) is this solution so (0 : : 1) is a fixed point by g. By analogy with it we consider 
the points of the following form {x : 1 : z) G CP(2). Now we have g{x : 1 : z) = {Xqx : Ai : A22:) 

and G : — defined by G{x, z) = (^^x, ^z^ such that the following diagram is commutative: 



El 



El 



Notice that the fixed points of G are given by the solutions of the system 

Ao ™ 



X 

z 



~ Ai 
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On the other hand this system have the solution (0, 0) only. Therefore (0 : 1 : 0) is another fixed 
point by g. And we consider the points of the following form (1 : y : z) G CP(2), too. We obtain 

g{l : y : z) = (Aq : Xiy : X2Z) and G : ^ defined by G{y, z) = (j^y, such that the 
following diagram is commutative: 

/ 



Eq 



fo 



And the fixed points of G are given by the solutions of the following system 



y 

z 



— M 



Now we have the point (0, 0) the only solution. Then (1 : : 0) is a fixed point by g. Therefore the 
fixed points of g are 

Fix(5) = {(l:0:0),(0: 1:0), (0:0:1)}. 
By analogy with these ideas in the other cases we obtain: 

Case (ii). There are two possibilities for the minimal polynomial of A, mA{t), in C[t] : 

(11.1) ruAit) = {t - Xo){t - 

(11.2) mA{t) = {t- Xo)^it - Ai) = pA{t), 

where Aq, Ai G C \ {0}, Aq / Ai. In both of them there is P G GL(3,C) such that A = P'^JP 
where J is the Jordan canonical form of A. Then f = [A] = [P~^][J][P], that is, / is conjugate to 
[J]. Therefore 



Case (ii.l). In this case we have 



J 



Ao 







Ao 






Ai 



and then / is conjugate to g = [J], that is, g(x : y : z) = (Xqx : AqJ/ : Xiz). Let us study the 
fixed points of g. We consider first the points the following form: (x : y : 1) G CP(2). We obtain 
g{x : y : 1) = {Xqx : Xoy : Ai) and G : ^ defined by G{x,y) = (^^x, such that the 
following diagram is commutative: 

E2 >■ E2 



ip2 



<P2 



Then the fixed points of G are the solutions the following system 

Aq ^ 

= y 
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and note that (0, 0) is this solution. Therefore (0 : : 1) is fixed point hy g E Aut(C -P(2)). Now we 
consider the points the following form: (x : 1 : z) G C P{2). We obtain g{x : 1 : z) = {Xqx : Aq : \iz) 

and G : — defined by G{x, z) = (^x, ^z^ such that the following diagram is commutative: 



El 



■El 



C2 



G 



The fixed points of G are given by the solutions the following system 



X = X 



and we have the following solutions: {(x, 0) G C^; x G C}. Therefore Y\x.2{g) = {(x : 1 : 0) G 
CP(2); X G C} are fixed points of g. At the end we consider the points of the form (1 : y : z) G 

CP(2). Then we have g{l : y: z) = (Aq : Xoy : \iz) and G : ^ defined by g{y, z) = {y, ^z^ 
such that 



En 



G 



■ Eq 
fo 



commute. The fixed points of G are the solutions of the following system 



y 

z 



that is, the points {(y,0) G C^; y G C}. Therefore the points Fix3(5r) = {(1 : y : 0) G CP(2); y G 
C}. are fixed by g, too. Then in this case the fixed points of g are two projective lines Fix2(5) and 
Fix3(y) and one point (0 : : 1) G CP(2). 
Case (ii.2). In this case we obtain 



J 



Ao 1 
Ao 
Ai 



and / is conjugate by y = [J], that is, g{x : y : z) = {Xqx + y : Aoy : Xiz). Let us study of the 
fixed points of g. First, we consider the points of the form (x : y : 1) G CP(2). Then we have 
y(x : y : 1) = (Aqx + y : Aoy : Ai) and G : ^ defined by G(x,y) = (^x + ^y, ^y) such 
that the following diagram is commutative 



E2 

<fi2 



■ E2 

■ r<2 



G 
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The fixed points of G axe the solutions of the fohowing system 



X 

y 



and this is the point (0, 0) G only. Then (0 : : 1) G C P{2) is a fixed point by 5 G Aut(C P{2)). 
On the other hand we consider the points of the following form (a; : 1 : z) G CP(2). We obtain 
g{x:l:z) = {\qx + 1 : Aq : Ai^) and G : ^ defined by z) = {x + ^, such that 



G 



■El 

•pi 



commute. Notice that the fixed points of G are the solutions of the following system 

+ 



X 



Ao 



Observe that there are not solutions of this system, then there are not fixed points of 5 G 
Aut(CP(2)) of the form (x : 1 : G CP(2). Now we consider points of the form (1 : y : z) G CP(2). 
We obtain g{l : y : z) = (Aq + y ■ Xoy ■ \iz) and if y / — Aq, then we have G : ^ defined by 
( ^^Tj^ J '^f^ ) ^^^'^ t^^* following diagram is commutative 



Eq 



Eq 



G 



Now note that if y = — Aq then there are not fixed points of g. The fixed points of G are given 
by the solutions of the system 

My 



Ao+2/ 
\\z 

Ao+2/ 



that is, (0, 0) is the fixed point by G. Therefore (1 : : 0) is a fixed points of g are (1 : : 0) e 
(0:0:1). 

Case (iii). There are three possibilities for the minimal polynomial of A in C[i]: 

(111.1) mA^) = t- Xo; 

(111.2) mA{t) = {t- Ao)2; 

(111.3) mA{t) = {t-Xof=PA{t), 
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where Aq G C \{0}. In all possibilities there is P G GL(3, C) such that A = P~^JP where J is the 
Jordan canonical form of A. Then f =[J] = [P~^][J\[P] is conjugate to [J]. 
Case (iii.l). In this case we obtain 



J 



Ao 







Ao 







Ao 



and then g = [J], that is, g{x : y : z) 
and all C P{2) are fixed by g. 

Case (iii.2) In this case we have 



{Xqx : Xqu : Xqz). Therefore g is the identity application 



J 



Ac 1 
Ao 
Ao 



and then / is conjugate to g{x : y : z) = {Xqx + y : Xoy : Xqz). Let us study the fixed points of 
g. We consider first the points the following form: {x : y : 1) e CP{2). We obtain g{x : y : 1) = 

{Xox + y : Xoy : Ao) and G : — defined by G{x, y) = (^x + j^y, y^ such that 



E2 



G 



E2 



commute. The fixed points of G are the solutions of the following system 

+ iy 



X 

V 



X 

y 



and this are {(x,0) G C^; x G C. Then the points Fixi(c/) = {(x : : 1) G CP(2); x G C} are fixed 
by g. Now we consider the points of the form (x : 1 : z) G CP(2). We have g{x : 1 : z) = {Xqx + 1 : 

Ao : Xqz) and G : — defined by G{x, z) = {x + j^,z^ such that 



El 



fx 

■C2 



commute. Then fixed points of G are the solution of the system 



X 

z = 



= ^ + to 



Notice that this system doesn't have solutions. Therefore there arc not fixed points of g of the 
form {x : 1 : z) e CP(2). And now we consider the points of the form {1 : y : z) & CP{2). We have 
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g{l : y : z) = {Xo + y : Xoy : Xqz) and G : 
the following diagram is commutative 

Eo 



C2 defined by G{y, z) 



V Ao+2/' \o+y J 



such that 



G 



■c2 



if y 7^ — Aq. Notice that if y = — Aq then there are not fixed points of g. The fixed points of G are 
given by the solutions of the system 



y 

z 



Ao+2/ 
Aqz 



Ao+J/ 

and these arc the points {(0, z) G C^; z G C}. Therefore Fix3(5) = {(1 : : € CP(2); z G C} is 
a subset of the fixed points of 3 G Aut{C P{2)). Therefore the fixed points of g in this case are two 
projective lines 

Fix(5) = {(x : : 1) G CP(2); x G C} U {(1 : : G CP(2); z G C}. 
Case (ill. 3). We have 



J = 



Ao 





1 

Ao 





1 

Ao 



and / is conjugate to g{x : y : z) = {Xqx + y : X^y + z : Xqz). Let us study the fixed points 
of g. First, wc consider the points of the following form (x : y : 1) G CP(2). Then we have 



g{x:y: 1) 
that 



(Aox + y : Aoy + 1 : Ao) and G : ^ defined by G{x, y) = (^x + ^,y + such 



E2 



ip2 



G 



E2 



commute. The fixed points of G are given by the system 

X = X + j-y 



y 



y + 



r 

Ao 



Therefore there are not fixed points of y G Aut(CP(2)) of the form (x : y : 1) G CP(2) in 
this case, because there are not solutions for this system. Now we consider points of the form 
{x :1: z) eC P(2). We obtain g{x : 1 : z) = {Xqx + 1 : Ao + ^ : Ao^) and G : ^ defined by 

G(^'^)=(l^'lfe) «^«hthat 

El *- El 



•pi 



-N2 



G 



9 



commute ii z ^ — Aq. Notice that if z = — Aq then there are not fixed points of ^ G Aut(CP(2)). 
Then the fixed points of g are given by the fixed points of G and these are given by the solutions 
of the system 



X — 

Z - ^ 



\0+Z 

Therefore there are not fixed points of g in this case. By analogy with it we consider the points 
of the form {I : y: z) £ CP{2). We obtain g{l : y: z) = {Xq + y: Xoy + z : Xqz) and G : ^ 
defined by G{y, z) = ^) such that 

Eq — Eq 



<Po 



commute if y 7^ — Aq- Observe that if y = — Aq then there are not fixed points of g. The fixed points 
of G are given by the system 

{„, _ >^oy+z 
y ~ Xo+y 
z = 

And then (0, 0) is the fixed point by G. Therefore (1 : : 0) is the only fixed point by g. And 
we have finished the proof of Theorem 4 □ 

Now we obtain the following 

Definition 1. We shall say that the biholomorphism / : CP(2) — > CP(2) except for identity 
application is: 

(i) of type PI if one point is fixed by /; 

(ii) of type P2 if two points are fixed by /; 

(iii) of type P3 if three points are fixed by /; 

(iv) of type R2 if two projective lines are fixed by /; 

(v) of type P1R2 if one point and two projective lines are fixed by /. 

3 Construction of Riccati foliations on C x C P(2) 

In this section we address the following question: 

Question 1. Let be given elements /i, • • • ,/fe of the group Aut(CP(2)). Is there a Riccati foliation 
on Cx CP(2) such that the global holonomy of is conjugate to the subgroup 0/ Aut(CP(2)) 
generated by fi,...,fk? 
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We proceed similarly to [7] , that is, we construct a singular holomorphic foliation ^ on C x C P(2) 
by gluing together local foliations transverse to almost every fiber and given in a neighborhood of 
the invariant fibers by suitable local models given in terms of the normal form of the corresponding 
holonomy map as in Theorem 4. 

Proof of Theorem 1. Let /q = (/i o • • • o y^,) ^ be a biholomorphism and let xq = 0, xi, . . . , be 
points in C . For each j G {0, 1, ... , k} let Dj be a disk of radius r > and center Xj such that 
\xi — Xj\ > 2r for all i j, < i,j < k. For each j e {1, . . . ,k} we choose x^ = Xj + § G Dj \ {xj} 

and x] = § exp( ""^(^-^) ) e Do ^ {0}. 

Let ai, . . . , afc : [0, 1] ^ C be simple curves such that (i) aj{0) = x'- and aj{l) = x'j; (ii) 
a,([0,l])nA =0ifi/i, i^O; (iii) a»([0, 1]) n ([0, 1]) = if i / j; (iv) for every j G {1, fc}, 
aj([0, 1]) n Do and aj([0, 1]) n Dj are segments of straight lines contained in diameters of Dq and 
Dj respectively. 

Let Ai, . . . , Aj; be tubular neighborhoods of ai, . . . , respectively such that (v) Aj f] Di = ^ 
ii i j, i / 0; (vi) Ai n Aj = i/} if i ^ j; (vii) Aj n Dq and Aj n Dj are contained in sectors of Dq 
and Dj, 1 < j < k, respectively. 

Let U = (Uj=i^i) U (Uj=o-^i) ^ ^^'^ T = be a simple curve. Let T be a 
tubular neighborhood of 7 and let V = {C \?7) U T be a set. Then {Ai, Ak, Dq, Dk, V} 
is a covering of C by open sets. For every j G {!,...,/?} we consider affine coordinates (x, Uj,Vj) 
in Aj X C"^ ^ Aj X C P{2), x G Aj, {Uj, Vj) G . For each i £ {0,1, . . . ,k} we consider afhne 
coordinates {x,Ui,Vi) in Di x ^ Di x CP{2), x G -Dj, G . Put affine coordinates 

{w,yi,y2) in y X where w = ^ eV and (2/1,2/2) € • 

Wc take in each set of the form Aj x C'^, V X and X a local model of foliation and 
glue them together. The local models are as follows: 

1. In Aj X C P{2) we consider the horizontal foliation whose leaves are of the form Aj x {p}, p G 
CP(2) for each j G {!,..., fc}. 

2. InVxC P{2) we consider the horizontal foliation whose leaves are of the form V x {p}, p G 
CP(2). 

3. In A X we consider the singular holomorphic foliation Ti induced by the vector field Xi 
in Di X for every i G {0, 1, . . . , k}. Put Z G {0, 1, . . . , k}. There exists an affine coordinate 
such that fi'.Eo^ Eq can be written in one of the following forms: 

(a) fi{u, v) = {u + niv, V + fii) if fi is of type PI. 

(b) fi{u,v) = {iiiu + viv,^iv) if fi is of type P2. 

(c) fi{u,v) = {\\u,\'lv) iff I isP3. 

(d) fi{u,v) = {\'lu,\'(v) iff I isR2. 

(e) fi{u, v) = {u + viv, v) if fi is of type P1R2. 

where AJ, Aj', /U^, G C \{0} are different. 
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• In case (c) ((d) respectively) we consider the singular holomorphic foliation on Dj x 
given by the vector field 



Xj{x,Uj,Vj 



(1) 



la") = Xj. (In case (d) the foliation J^j is given by 
— where a'- and A'- are the same, respectively.) 



where exp(27r\/^a^) = and cxp(27r 

Xj {x, Uj ,Vj) = {x-Xj)£ + a'juj £- + a^^j .. ..... ...^ , 

Let jj{0) = {rj exp{^/^0) + Xj,0,0), < 9 < 27r be a curve where < r j < r. Let = 
{pj}xC^,Pjejj{[0,2TT]). 

Assertion 1. The holonomy transformation ofj-j associated to Sj andjj is of the form (uj,Vj) i— > 
{XjUj, XjVj) where the foliation J^j on Dj x is induced by equation 1. 

In fact, let Ej = {xj + rj} x be a local transverse section and let pj = {xj + rj,0,0) G Ej. 
Suppose pi : Dj x ^ Dj, pi{x, y, z) = x. Observe that the fibers p'^^ix), x ^ Xj, are transverse 
to . Let q = {xj + rj,Uj,Vj) G Ej and let 7g(^) = {x{6),Uj(9),Vj{6)) be the lifting of 7j by pi 
with base point q. Therefore 



^'(^)=pi(7;(^))=pi(7-(^)) 

and, if Yj = {uj,Vj) G then 



Irj exp(v — 1^), 



^-Irj exp(v^^) 



On the other hand, by equation 1 we have 



dx 
dT 



and 



so we obtain 



and we have 



then Y^ 



dYj 







dT 





< J 


dY^^ 




dT 


dx 


dT 


dx 



Uj 

L '"j 



dT 
dx 
dT 



AYj 



AY-i 



x' 



AY, 



-I AYj. Notice that the solution of Y- 



rj exp{\/ —16) 

= ^/—lAYj such that Yj (0) = {uj , Vj 



IS 



Yj{9) = eyi\){y/ —19 A) ■ 5^(0). Therefore the holonomy is the biholomorphism f : Y^j ^ Ej defined 
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by 



Yj{27r) 

exp ^27r\/^ 



a;' 













. ^3 . 



exp(27rV^a^' 
= (exp(27r-v/^Q;^)uj, exp(27r-v/^a")t>j) 

and this proves the assertion. (In case (d) we prove the holonomy transformation of J-j associated 
to Tij and 7j is {uj,Vj) (X'juj, X'^vj) respectively.) 

• In case (e) we consider the foliation J^j on Dj x given by 



Xj{x,Uj,Vj) = {X-Xj] 



d 



d 



Vi- 



dx 27rv^l ■ d'^i 



(2) 



Let 7j (^) = (rj exp(-v/^6') +a;j,0,0), < 6* < 27r be a curve where < r j < r. Let = {pj} x C^, 

G7^-([0,27r]). 

Assertion 2. T/ie holonomy transformation of T j associated to T,j and 7j is the following form 
(uj, Vj) ^ {uj + VjVj,Vj), where the foliation T j on Dj x is given by equation 2. 

In fact, let Sj = {xj + rj} x be a local transverse section and let pj = {xj + rj, 0,0) G Ej. 
Suppose pi : Dj x — Dj, pi{x, y, z) = x. Notice that the fibers p^^{x), x ^ Xj are transverse to 
JF. Let q = {xj+rj,Uj,Vj) G andlet7g(0) = {x{6),Uj{6),Vj{6)) be the lifting of 7^ bypi with base 
point q. Therefore x'{e) = ^1(7^(6')) = Pi{ij{9)) = V^^j exp^V^^*), and, if Yj = {uj,Vj) € 
then 



-lrjexp(v^^)' 



On the other hand, by equation 2 we have ^ = x — Xj and 



dYj 


\ 1 

27rv^ 




" Uj ' 


dT 







. ^3 . 



AY. 



31 



so we obtain 



and we have got 



dx 



AYi 



dY^ dT^^^ ^ 

dT dx ^ X — Xj 



^3 



AY. 



\rj exp(v^^) a;' rj exp(-/^0) 
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therefore Yj 
Yj{e) = exp( 

by 



lAYj. Observe that the solution of Y^ 



lAYj with Yj{0) = {uj,Vj) is 



19 A) ■ Yj[0). Therefore the holonomy is the biholomorphism / : Sj 



Uj defined 



f{Uj,Vj 



Yj {27r) 

exp 27r\/— 1 



r 1 


)■ 


" Uj ' 







. '"3 . 



exp 



" 


^3 ' 


)• 


" Uj ' 


_ 







. ^3 . 



" 1 


" 


+ 


" 


^3 ' 


)■ 


" Uj ' 


_ 


1 


_ 







. ^3 . 



' 1 






" Uj ' 





1 




. ^3 . 



= {Uj + l^jVj,Vj) 

and it proves the assertion. 

In case (b) we consider the singular foliation on Dj x given by 



d 

Xj{x,Uj,Vj) = {X- Xj)— + {\Uj + 



d 



27rA 



_d_ 



(3) 



duj ^uj 

where exp(27rv^^A) = jj.. 

Let "fj{9) = {rj exp{y/^6) + Xj,0,0), < < 27r be a curve where < r j < r. Let T,j = 

{pj}xC\p,ejj{[0,27r]). 

Assertion 3. The holonomy transformation ofj-j associated to Sj and jj is of the form (uj,Vj) i— > 
{lJ,Uj + vvjjfiVj) where the foliation T j on Dj X is induced by equation 3. 

In fact, let Sj = {xj + rj} x be a local transverse section and let pj = {xj + rj, 0,0) G Sj. 
Suppose pi : Dj x ^ Dj, pi{x, y, z) = x. Notice that the fibers Pi^{x), x / Xj are transverse to 
T . Let q = {xj + rj,Uj,Vj) G and let ^q{0) = {x{9),Uj{9),Vj{9)) be the lifting of 7j by pi with 
base point q. Therefore 



and, if Yj = {uj,Vj) G C then 



^'{0) =Pihgm =pHj{9)) = ^r=lrjeM^^O), 

X 



-Irj exp(V— 1^) 



. On the other hand, by equation 3 we have 



dT 



so we obtain 



dYj 


\ ^ 




" Uj ' 


dT 


A 




. ^3 . 



AYj, 



dYj _ dYj dT 



rIY- 

dT __ ^^3 



dx 



dT dx ^ 
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and we have 



therefore Y' 



AYi 



-Irj exp{^/^6) x' rjexp(v^6') 



lAYj. Observe that the sohition of Yj 



lAYj such that Yj(0) = {uj,Vj) is 
Yj(6) = exp(^y—19A) ■ 5^(0). Therefore the holonomy is the biholomorphism f ^ defined 



by 



= exp I 27r\/^ 





) 


" Uj ' 


A 







exp 



" 2^^^/^X 




" 






" Uj ' 


2^^^/^X 


+ 








)■ 





exp 



27rV^A 
2^^^/^X 



■ exp 



^ 




Ui 



fi 

fi 

H 

n 

jJL V 

n 



1 
1 



1 ^ 

1 



L '"j J 



+ 



1 




L 



J 



= {^^Uj + vVjjjiVj) 

and this proves the assertion. 

In case (a) we consider the fohation J^j on Dj x given by 

,2 



Xj{x, Uj,Vj) = {X- Xj)— + ( 



d 



y. ■ "J I 



(4) 



Let ^j(Q) = [j-j exp(A/^6') + Xj, 0, 0), < 6* < 27r be a curve where < < r. Let = {p^} x C^, 
p,-G7j-([0,27r]). 

Assertion 4. T/ie holonomy transformation of J^j associated to Sj and^j is of the form {uj,Vj) i— > 

(Uj + IJ,Vj,Vj 

In fact, let Sj = {xj + rj} x be a local transverse section and let pj = {xj + rj,0, 0) G Sj. 
Suppose pi : x ^ Dj, pi{x, y, z) = x. Notice that the fibers p'^^{x), x / Xj are transverse to 
. Let q = {xj + Tj, Uj,Vj) G Sj and let 'jqiO) = {x{9),Uj{6), Vj{9)) be the lifting of 7^ by pi with 
base point Therefore 
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and, if Yj = (uj,Vj) G then 



On the other hand, by equation 2 we have 

dx 



dT 



and 



dT 





dYA 



+ 



AYj + B, 



so we obtain ^ = ^ • g = ^ = and we have 



dT 



therefore Yj 



-lAYj 



with lj(0) = {uj,Vj) is 
that is. 



^^rj exp{y/^9) x' exp(\/^6') 
-IB. Observe that the solution of 
Y' = V^AY. + V^B 



exp{y/^0A) ■ [ exp(V^sA) • B{s)ds + Yj 



(0) 



47r 2 47r2 477^ 27r 27r ' 



Therefore the holonomy is the biholomorphism / : Sj — > Sj defined by 

f{uj,Vj) = Yj {2Tr) = {uj + nvj,Vj + fj,) 

and it proves the assertion. 

Let us glue together the foliation on Aj x CP(2) and the foliations on Dj x CP(2). First wc 
consider fj of type P3 or R2. Then we are in case (c) or (d). Observe that Aj n Dj is simply 
connected and Xj Aj n Dj, we consider the coordinate system {x,Uj,Vj) in {Aj n Dj) x CP(2) 
such that 

Uj = Uj exp(-a!,- Iog( — ^)) 

2 

and 

Vj = Vj exp{-a'j Iog( — ^)) 

2 

where log is the branch of the logarithm in C + y/—ly; x < 0} such that log(l) = 0. Observe 
that x'j = Xj + implies that 

Uj{x'j,Uj) = Uj exp(-a'- log(l)) = Uj, Vj{x'j,Vj) = Vj 
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and Uj{x, 0) = 0, Vj{x, 0) = 0. Therefore the leaves of the foHation on {Aj n Dj) x C P{2) are given 
by {uj,Vj) = constant. Let us identify the point {x, Uj, Vj) G {Aj D Dj) x C Aj x with the 
point {{x,Uj,Vj)) G {Aj nDj) x C Dj x C^, where 

Uj = Uj cxp(a^- log(^^-Y^)) (5) 

2 

and 

^;, = lSexp(a;'log(^)). (6) 

2 

Notice that with equation 5 and equation 6 we are gluing together in {Aj CiDj) x plaques of 
the foliation on Aj x with plaques of foliation 3^ on Dj x . Observe that this identification 
sends the fiber {x = c} G Aj x C'^ , c ^ Aj n Dj, in the fiber {x = c} C Dj x C^, and the holonomy 
of the curve (3j = aj*jj *<^J^ in the section T," = {x"} x C Aj x with respect to the foliation 

obtained by gluing together the JF and is {Uj, Vj) i— > {X'jUj, ^"Vj). 

If fj is of type P1R2 we are in case (e) and the identifications 5 and 6 are 

Vj = Vj (8) 
By analogy with it, if fj is of type P2 we are in case (b) and the identifications are 

= {{{Uj - ^-^lS)exp(Alog(^))) (9) 
^,=y,exp(Alog(^)) (10) 

2 

And if fj is of type PI we are in case (a) and the identifications are 

»j = F, + — ^=log(i^) (12) 

27rV-l 2 

Now let us glue together the new foliation on {AjUDj) x with the foliation on {AjCiDg) x 
identify the points {x, Uj,Vj) G {{Aj U Dj) n Do) x with (a;, uo, vo) G {Aj n Dq) x C Dq x 

by 

X 

Uo = Uj exp(ao log(— )) (13) 

^3 

and 

vo = Vj exp(a(; log(4))> (14) 
where Aq = exp(27r-\/^aQ) and Aq = exp(27r-\/^aQ), if /o is P3 or R2. 
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Notice that equation 13 e equation 14 glue together plaques of the foliation on {Aj U Dj) x 
with plaques of the foliation on {Aj n -Do) x and this defines a new foliation such that 
-Do U Aj U Dj is a leaf. The holonomy of the curve Pj in the section = {xj} x C -Do is 
given by {Uo,Vo) i-^ {XjUq, XjVo). Now suppose 7o(^) = |exp(\/^6'), < ^ < 27r, and for every 
j = 1, . . . , k let Hj he the segment of 70 between Xj and | in the positive sense. Let 

5j = fij * f3j * /xji = * aj * -fj * aj^ * 

where 7^- (6') = § exp{y/^e) + Xj, 6* G [0, 27r] and Eq = {§} x The holonomy of the curve dj in 
So is {U,V) ^ fjiU,V). 

By analogy with this case, we have the identifications 



if /o is of type P1R2, 



^^0 = Vj 



no = \m - -^:^VS)exp(Alog(^))) 
A 27rv— 1a* 2 

i;o = Fjexp(Alog(— )) 



if /o is of type P2 and 



if /j is of type PI respectively. 

Now, let -M = C X be a complex manifold and let JP" be a foliation obtained at the end of the 
process. By construction the holonomy of the leaf U = (^Ui=o^«) ^ (Uj=o-^j) ™ ^0 is generated 

by /i , . . . , /fe and the holonomy of the curve (5i * • • • * (5^ * 70 is the identity. Notice that M admits 
the vertical foliation x = constant on Aj x C^, Dj x C^, -Dq x and it cuts i7 at a single point and 
so we can define a projection p : M ^ U such that p~^{x) is the leaf of this new foliation. Observe 
that this new foliation is transverse to .7^ in -M \ IJj=o{^ = ^j}- Suppose the annulus A = T nU, ii 
5 is a closed curve in A which generates the homotopy of A, then the holonomy of S with respect 
to T in some transversal section is trivial, because 6 is homotopic to the curve (5i * • • • * (5^ * 70 in 
U \ U^=o{^j } ^^"^ holonomy of this is trivial. Then we use the holonomy and obtain that the 
restricted foliation T\p-i(^A) is a product foliation, that is, there is a biholomorphism ip of the some 
neighborhood W of A C 'p~^{A) onto ^ x A, where A C is a polydisc such that it sends leaves 
of J-\w onto leaves A x {c}, c G A of the trivial foliation. 

Now we glue together the foliations J- in iVf an in y x -D by if. 

Observe that we use the same ideas in the local model of foliation in other affine coordinates of 
C P{2) and it is proves the result. 

□ 
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4 Normal forms of Riccati foliations 



Now we prove Theorems 2 and 3. 

Proof of Theorem 2. We consider a singular holomorphic foliation ^ on C x C^' given by a polyno- 
mial vector field X in affine coordinates (x, y) G C x C" "-^ C x C and assume that T is transverse 
to almost every fiber of 77. WriteX(x,y) = P(x,y)^-F(5i(x,y)g|-H VQn{x,y)^,. If{xo}xC" 

is not an invariant fiber by JT, then JT by compactness T is transverse to {x} x C", Vx k, Xq,. Hence 
P(x, y) 7^ 0, Vx x(j, My G C" and thus P(x, y) = p(x). 

Claim 1. We have degy^{Qn) < 2 (where degj^^(-) denotes the degree with respect to the variable 

Vn)- 

Proof. Suppose degy^{Qn) > 2 and write degj^^(Q„) = m + 2 for some m G N. The foliation is 
given by the meromorphic vector field 

^ d ^ d ^ d 2 ^ ^ d 

X = PtT + Vl^ 1 K Qn-IT; m+2 Qn- 



dx dyi " dyn-i ^ Wn^'^ dwn 

in affine coordinates {x,yi, . . . ,yn-i,Wn) G C x C" where Wn = ^ and Qn is a polynomial in 
C[x, yi, . . . , If we multiply it by w"!^ , we obtain a polynomial vector field as 

X = vul'p^ + w^^Qi^ + ■■■ + + Q^. ^ 



dx ^^'dy^ dWn 



and we obtain three possibilities: 
1. if degyj^{Qi) = m, then 



X = w^p^ + A + . . . + + Q^. ^ 



dx dyi " dyn-i dwn 

2. if deg^^((5i) > m, that is, 3Z G N such that deg^^{Qi) = m + l, then 

X = <p|- + <-L^Qi A + . . . + ^-Q^_^ A_ + Q^. ^ 



We multiply it by and obtain a new polynomial vector field 



dx dyi " dyn-i " Su^n' 

3. If deg^^(Qi) < m, that is, 3Z G N such that deg^^(Qi) = m — I, then 



5x " 5yi 5yn-i 

where Qi; is a polynomial in C[x, yi, . . . , u)„]. In all these cases we use the same ideas for 
all Qj with J = 2, . . . , n — 1 and it implies a polynomial vector field X without poles in affine 
coordinates (x, yi, . . . , yn-i,Wn) G C x ^ C x C" such that is tangent to the fiber {xq} x C" 
in the set {x = Xq, Wn = 0}, and so it is a contradiction. □ 
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Therefore 

^ 9 ^ d ^ d d 

X=p— + Qi— + • • • + + q— 

ox dyi oyn-i oyn 

where q = qn,2yl + qn,iyn + Qufl with qn,2, qn,i,qn,o G C[x, j/i, . . . , y„-i]. 

Now observe that degy^{Qj) = for all j = 1, . . . , n — 1. In fact, assume that degy^{Qj) > so 
there exists Ij G N such that degy^{Qj) = Ij, then 

^^^^ ^ d ^ d 
X = + Qi^ + ■■■ + Qn-i^ q- 



dx dyi dyn-i dwn 

where q = qn^2 + q-nAWn + q-nflwl^ with qn,2, qn,i and qnfi are polynomials in C[x, yi, . . . , y-n-i]- Let 
m = max{deg2^^((5j); J = 1, • • • , — !}• Suppose m = degy^{Q\). We multiply the vector field X 
by li;^ so we obtain the vector field 

X = <p— + Qi_ + + . . . + u;^-^Q„_i,^ 



with a2 = m—degy^(Q2) and a^-i = fn~degy^{Qn-i), where Qj are polynomials in C[x, yi, . . . , yn-i, 
and qn^k are polynomials in C[x,yi, . . . We obtain is tangent to {xq} x C" in the set 

{x = xo, Wn = 0} so we have a contradiction. We obtain 

X = + + • • • + Qn-i^ + q^ 

ox dyi oyn-i oyn 

where q = qn,2yl + qnAVn + qnfl with polynomials in C[x, yi, . . . , y„-i] 

andp is polynomial in C[x]. By analogy with it we use the aflane coordinates (x, yi, . . . , Wk, ■ ■ ■ , yn-i-,yn 
C"+i C X C", with = ^, A; e {1, . . . , n - 1} and we obtain deg^^^ {Qk) < 2, deg^^^ (Qj) = for 
every j G {1, . . . , n} \ {k}. Therefore 

X=p— + Qi— + ■■■ + Qn^ 
ox dyi dyn 

in affinc coordinates (x, y) G C x C" ^ C x C", y = (yi, . . . , yn), where Qj = qj^2{x)y'j +qj,i{x)yj + 
qj,o{x) with qj^2, qj,i, qjfij P polynomials in C[x]. And we prove Theorem 2. □ 

Corollary 1. Let T he a singular holomorphic foliation on C x C" given by a polynomial vector 
field X in affine coordinates on C x . Suppose T is transverse at least one fiber {xq} x C of rj. 
Then T is a Riccati foliation on CxC . 



Proof. We consider 



d d d 
X{x,y) = P{x,y)— + Qi{x,y)— H \-Qn{x,y) — 



in affine coordinates (x, y) G C x C" ^ C x C", y = (yi, . . . , y„) where P, Qj are polynomials in 

C[x,y]. If J- is transverse to {xq} x C , then P(x,y) = p{x), Vx G C . Wc use the transversality 
and it implies that there exists e > such that is transverse to {xq} x C , Vx G D^{xq). Now 
we use the Theorem 2. It implies that degy^ {Qn) < 2 and degy^{Qj) = 0, j G {1, . . . ,n — 1}. Then 

= and = 0, Vfc > 3, Vx G D^{xq). Now we use the identity theorem [6] and obtain 
= and = in C X C for every A; > 3. By analogy with this we conclude the proof. □ 
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Proof of Theorem 3. Suppose is a singular holomorphic foliation on C x C -P(2) given by a poly- 
nomial vector field X{x^y^z) = P{x,y,z)-^ + Q{x,y, z)-^ + R{x,y, z)-^ in affine coordinates 

{x,y,z) G C X C C X CP(2). and transverse to almost every fiber of rj. Let {xq} x CP(2) be 
a fiber transverse to J^. Then is transverse to {a;} x CP(2), Vx in a neighborhood of xq. This 
implies P{x, y, z) = p{x), V(x, y, z) G C x . On the other hand, 

^(x,^,!;) = p(a;)-- u Q{x, -,-)^ + {uR{x, -, -) - uvQ{x, -, -))^. 

ax u u ou u u u u ov 

in affine coordinates (x, tt, w) G C x ^ C x C P{2) with u = ^ and = |- Therefore 

5 1~ 9 1~ 1~ 

X(x,«,v) =P(a;)^ - u^—Q{x,u,v)— + (t/^/?(x,u,i;) - -uv— Q(x, v)) — 

where Q, R are polynomials in C[x,u,v], a = max{m + n;Q{x,y, z) = Qi,m,nx''y^z"} and 

/? = max{m + n;R{x,y,z) = ri^rn,nx''y"^z"'}. If {xi} x CP(2) is a fiber transverse to J^, then 

l,m,n 

P<a.ln fact, if /3 > a, then 

d 1 ~ d 1 ~ ~ d 

X{x,u,v) =p{x)— -u^—Qix,u,v)— + -p^{R{x,u,v) - 'u^~"uQ(x, u)) — , 

and we recall that /3 > a implies /? > 1. We multiply the vector field X by u^~^ to obtain 

X(x, u, v) = u^~^p(x)— uu^~°'Qix, u, v)— — h (R(x, u, v) — u^~^vQ{x, u, v)) — . 

ox Ou Ov 

We observe that X is not transverse to {xi} x at the point (xi, 0, vq), because if q{v) = i?(xi, 0, v) 
is the zero polynomial in C[v], then (xi, 0, vq) is a singularity of X. Otherwise q{v) is a polynomial 
in C[v] \ {0} and the point (xi, 0, vq) is a singularity of X or X is tangent to {xi} x CP(2) at this 
point if Vq is a zero of q{v) or it is not. Therefore P < a, and 

in affine coordinates {x,u,v) G C x ^ C x C P{2). Notice that a < 2. In fact, if a > 2, that is, 
there is A; G Z \ {— 1, —2, . . . } such that a = 3 + k. Then 

d 1 ~ d 1 ~ ~ d 

X{x,u,v) =P{x)^ - ^Q{x,u,v)— + -^{u'^-^Rix,u,v) - vQ{x,u,v)) — 

and we multiply it by u*^"*"^ 

d ~ (9 1— ~ d 

X(x,u,v) = u''^^p(x)- Q(x,u,v)— + -iu°'~^ R{x,u,v) — vQ(x,u,v)) — . 

ox ou u ov 

We obtain two possibilities: the polynomial 5 in C[x, «, f] defined by 

^(x, u, v) = u"~^i?(x, u, v) — vQ{x, u, v) 
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is multiple of u or it is not. 

Case (i). If S is multiple of u, then is given by the holomorphic vector field 

X{x,u,v) = u^^^p{x)-^ - Q{x,u,v)-^ + {u'^~^R{x,u,v) - vQ{x,u,v))-^. 

and observe that X is not transverse to {xi} x CP(2) in (xi,0,'yo). 

Case (ii). If S is not multiple of u, then T is given by the vector field without poles 

d ~ d d 

X(x, u, v) = vJ'^'^pix)- uQix, u,v)— + Six, u, v) — 

ox ou ov 

and observe that X is not transverse to {xi} x C P{2) at {xi,0, vq), either. Then it is a contradiction 
in both cases. Recall that P < a <2. We obtain the following possibilities: 
Possibility 1. If a = /? = 0, then 

d d d 

X{x,y,z) =p{x)—+q{x)— + r{x) — . (15) 

in affine coordinates {x, y,z) G C'^ ^ C x C -P(2). 
Possibility 2. If a = 1, /3 = 0, then 

d d d 

X{x, y, z) = p{x) — + {A{x) + B{x)y + C{x)z) g^ + rix) — , (16) 

where A,B,C e C[x]. 

Possibility 3. Se a = /3 = 1, then 

X{x,y, z) = P{x)^ + {A{x) + B{x)y + Cix)z)^ + {a{x) + h{x)y + c{x)z)-^, (17) 

where a, A, b, B,c,C G C[x]. 

Observe that the foliation given by the vector field X defined by equation 17 (15 or 16 
respectively) is transverse to almost every fiber of rj. In fact, we obtain 

d d ~ d 

X(x,u,v) =p(x)- u(A(x)u + C(x)v + Bix))— + R{x,u,v) — , 

ox ou ov 

in affine coordinates {x,u,v) G ^ C x CP(2) where i?(x, it, f) = a{x)u+c{x)v+h{x)—v{A{x)u+ 
C{x)v + B{x)) and so is transverse to {x} x CP(2) if p{x) ^ 0. On the other hand, we obtain 

d ~ d d 

X{x,t,s) = p{x)— + Q{x,t, s)— - s{a{x)s + b{x)t + c{x)) — 

with Q{x,t,s) = A{x)s + B(x)t + C{x) — t(a{x)s + b{x)t + c{x)) in affine coordinates {x,t,s) G 
<-^Cx CP(2) where s = j and i = |. In this case is transverse to {x} x CP(2) if p(a;) 7^ 0. 
Possibility 4. If a = 2, ^ = 0, then 

d d d 

x{x, y, z) = p{x)-Q^ + Q{x, y^z)-g^ + ^^^^dz' ^^^^ 
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where Q{x, y, z) = A{x) + B{x)y + C{x)z + D{x)yz + E{x)y'^ + F{x)z'^ and A, B, C, D, E, F e C[x] . 
We obtain 

d ~ d V ~ d 

X{x,u,v) =p{x)— - Q{x,u,v)— + {u r{x) - - Q{x,u,v)) — , 

where Q{x,u,v) = A{x)u'^ + F{x)v'^ + C{x)uv + D{x)v + B{x)u + E{x). Recall that D,E oi F 
is not the zero polynomial. Then Q is not multiple of u. Moreover the polynomial S{x, u, v) = 
r{x) — V Q{x, u, v) is not the zero polynomial. We multiply the vector field X hy u and obtain 

d ~ d d 

X(x,u,v) = u p(x)- u Q(x,u,v)- — h S(x,u,v) — . 

ox ou ov 

Notice that X is not transverse tov {xi} x in (xi, 0, vq). This is a contradiction. Thus possibility 
4 does not occur. 

Possibility 5. Ifa = 2, [3 = 1, then 

d d d 

X{x,y,z) =p{x)— + Q{x,y,z)— + R{x,y,z) — , (19) 

where Q{x, y, z) = A{x)+B{x)y+C{x)z+D{x)yz+E{x)y'^+F(x)z'^ , R{x, y, z) = a{x)+h{x)y-\-c{x)z 
e a,b,c,A,B, C,D, E,F e C[x]. Then 

X{x,u,v) =p{x)— - Q{x,u,v)— + -{u R{x,u,v) - v Q{x,u,v)) — , 

where Q{x, u, v) = A{x)v?' + F{x)v'^ + C{x)uv + D{x)v + B{x)u + E{x) e R = a{x)u + c{x)v + b{x), 
in affine coordinates {x,u,v) G C x ^ CxCP(2). Observe that D,E or F is not the zero 
polynomial. Therefore Q is not multiple of u, and the polynomial S{x,u,v) = u R{x,y,z) — 
V Q{x,u,v) is not the zero polynomial. We multiply X by n and obtain 

d ~ d d 

X{x,u,v) = u P{x)^ - u Q{x,u,v)— + S{x,u,v) — , 

and observe that X is not transverse to {xi} x in (xi,0,'Uo). Then it is a contradiction and 
possibility 5 does not occur. 

Possibility 6. If a = /? = 2, then 

d d d 

X{x,y,z) =p{x)— + Q{x,y,z)— + R{x,y,z) — , (20) 

where Q{x, y, z) = A{x) + B{x)y + C{x)z + D{x)yz + E{x)y'^ + F{x)z'^, R{x, y, z) = a{x) + b{x)y + 
c{x)z + d{x)yz + e{x)y'^ + f{x)z^ and a, h, c, d, e, /, A, B, C, D, E,F e C[x]. Then 

d ~ d I - ~ d 

X{x, u, v) = p{x)- Q{x, u,v)— + -{R{x, u,v) -V Q{x, u, v)) — , 

ox ou u ov 

in affine coordinates {x,u,v) G C x ^ CxCP(2) where Q{x,u,v) = A{x)u'^ + F{x)v'^ + 
C{x)uv + D{x)v + B{x)u + E{x) and R = a{x)u^ + f{x)v'^ + c{x)uv + d{x)v + b{x)u + e{x). Notice 
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that none of the polynomials D,E or F E C[x] is identically zero and the same holds for the 

polynomials e or / G C[a:]. Therefore the polynomial S{x,u,v) = R{x,u,v) — v Q{x,u,v) is a 
multiple of u if and only if e = 0, d = E, f = D and F = 0. Then the foliation J- is given by X is 
transverse to {x} x CP(2) if p{x) / 0. 
On the other hand 

d 1 ~ ~ d ~ d 

X{x,t,s) =p{x)— + -{Q{x,t,s) - tR{x,t,s))— - Q{x,t,s) — , 

in afHne coordinates (x, t, s) G C x ^ C x CP(2) with t = | e s = ^ where 
Q{x, t, s) = A{x)s'^ + E{x)t'^ + B{x)ts + C{x)s + D{x)t 

and 

R{x, t, s) = a(x)s^ + b{x)ts + c{x)s + E{x)t + D{x). 

Therefore 

t, s) - tR{x, t, s) = -ts^a{x) - t^sh{x) + ts{B - c){x) + s^A(x) + sC{x), 
and the foliation JT is given by the vector field without poles 

d d ~ d 

X{x,t,s) =p{x)— + U{x,t,s)— - Q{x,t,s) — , 

with U{x,t, s) = —ts a{x) — t^ b{x)+t{B — c){x) + s A{x) + C{x), and it is transverse to {a;}xCP(2) 
if p{x) / 0. 

If S is not multiple of u, then the foliation is given by the vector field without poles 

d d d 

X{x,u,v) = u P{x)-Q^ - u Q{x,u,v)— + S{x,u,v) — , 

and it is not transverse to {xi} x in {xi,0,vo). We obtain a contradiction. This ends the proof 
of Theorem 3. □ 

The above proof indeed gives: 

Corollary 2. Let J- be a singular holomorphic foliation on C x C P{2) given by a polynomial vector 
field X in affine coordinates on C x . Suppose T is transverse at least one fiber {xq} x CP(2) 
o/r/. Then is a Riccati foliation on Cx CP(2). 
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